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Numerical Solution of Supersonic Viscous Flow
over Blunt Delta Wings
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A general parabolized Navier-Stokes code has been developed to compute the steady supersonic viscous flow
around arbitrary body shapes at high angles of attack. A nonorthogonal three-dimensional coordinate frame is
employed which permits the code to march with solution surfaces that are the most appropriate for a given
problem. The code has been used to calculate the laminar flow over a slab delta wing with 70-deg sweep at angles
of attack up to 41.5 deg and Mach numbers of 6.8 and 9.6. The computed shock shapes, surface pressures, and
heat transfer coefficients are compared with experiment and show excellent agreement.

Introduction

THE "parabolized" Navier-Stokes (PNS) equations have
been used to successfully compute the three-dimensional

supersonic viscous flow over a variety of body shapes at angle
of attack. These body shapes include pointed cones,M sphere
cones,6'7 hemisphere cylinders,8 ogive cylinders,9 ogive-
cylinder boattails,10 sharp leading-edge delta wings,4 and
blunt biconics. n Numerous additional applications have been
made that demonstrate the usefulness of the PNS equations
for a definable class of supersonic flows.

In order to apply the PNS equations, the inviscid region of
the flow must be supersonic and the streamwise velocity
component cannot be negative (i.e., only cross-flow
separation is permitted). If these conditions are met, the PNS
equations can be used to compute a flowfield at a fraction of
the computer cost required to solve the complete time-
dependent Navier-Stokes equations. In addition, viscous-
inviscid interaction problems which have plagued boundary-
layer methods are eliminated with the PNS equations.

Most of the previous applications of the PNS equations are
limited to conical or axisymmetric body shapes. This is partly
due to the fact that nearly all of the PNS codes are restricted
to certain geometries by the coordinate systems employed. In
the present study, a generalized PNS code has been developed
which can be used to solve the steady supersonic viscous flow
around any geometry for which the aforementioned Mach
number and velocity conditions are met. This generalized
code is an extension of the PNS code developed originally by
Vigneron et al.4 The previous code advances the solution on
axis-normal surfaces which allows for most body geometries.
However, for blunted bodies with large surface slope, the
axial component of velocity in the inviscid part of the shock
layer may be subsonic which prevents the code from com-
puting this case. It was necessary, therefore, to generalize the
code to march with solution surfaces that are more nearly
normal to the local body surface. This has been done in a

perfectly general manner with a nonorthogonal three-
dimensional coordinate frame. The present approach is more
flexible than the cited methods that use either axis-normal
systems or strictly orthogonal coordinates in conjunction with
surf ace normals.

The present generalized PNS code has been used to
calculate the laminar flow over a slab delta wing with 70-deg
sweep at angles of attack up to 41.5 deg and Mach numbers of
6.8 and 9.6. The computed results are compared with the
experimental results12 in this paper.

Governing Equations
The Navier-Stokes equations for an unsteady three-

dimensional flow without body forces or external heat ad-
dition can be written in nondimensional, conservation-law
form for a Cartesian coordinate system as

dU | d(E-Ev) | d(F-Fv) |
dt dx dy dz (1)

where
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These equations have been nondimensionalized as follows
(dimensional quantities are denoted by a tilde):

y=y/L z = z/L t=t/(L/V00)

v = v/V00 w=w/VQO e = e/Vl

P-P/Poo P=P/~P<x>Vl T = f / f ^ M = A/Aoo (8)

where L is the reference length used in the Reynolds number

Re L=p9V „£,/£* (9)

In order to close the system of equations, the following
perfect gas equations of state are used:

p=(y-l)pe . T=yM2
xp/p (10)

and the coefficient of viscosity /x is determined from
Sutherland's equation

J* = \T+C/

where C= 110.4 Kl fx for air.

(11)

In the previous version of the code,4 a transformation of
the form

(12)

was used to transform the governing equations into the
(?^f) system. This transformation restricts the (r;,f)
solution surfaces to be in a plane normal to the x axis and
thereby limits the flowfields that can be computed with the
code. In the new version of the code, a completely general
transformation of the form

?=t(x,y,z). (13)

is used which places no restrictions on the orientation of the
(17, f) solution surfaces. When this transformation is applied
to Eq. (1) the following conservation-law form 13 is obtained:

where
U= U/J

(14)

(15)

and J is the Jacobian of the transformation which can be
evaluated from

(16)

The parabolized Navier-Stokes equations are derived from
the complete Navier-Stokes equations by assuming 1) steady
flow (d/dt = Q) and 2) streamwise viscous derivatives are
negligible compared to normal and circumferential viscous
derivatives [d/3£(viscous terms) = 0]. With these assumptions,
Eq. (14) reduces to

dE 8F dG

where

G=(l/J)[fx(E-Ev)+ty(F-Fv)+tz(G-Gv)]' (18)

and terms in Ev, Fv, and Gv containing partial derivatives
with respect to £ are omitted.

As mentioned previously, the above system of equations is
parabolized in the £ direction if the inviscid region of the flow
is supersonic and if the streamwise velocity component is
positive. However, it has been shown14 that an exact
representation of the streamwise pressure gradient term
d/?/d£, causes information to be propagated upstream
through the subsonic boundary layer close to the wall so that a
marching method of solution is not well-posed. This leads to
exponentially growing solutions that are often called.
departure solutions. A number of different techniques have
been proposed to eliminate this difficulty. Lin and Rubin5

recently compared these techniques while proposing a new
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one. The obvious technique is to drop completely the pressure
gradient term in subsonic regions. This will produce a stable
marching scheme but will introduce errors in flowfields
with large stream wise pressure gradients. In several
studies1'3'6'7'11 dp/dt; is retained in the subsonic layer by
employing an approximate backward difference formula
which can be extrapolated from the previous step. The
eigenvalue stability analyses of Refs. 2 and 15 indicate this
approach is subject to instabilities if the streamwise'step A£ is
too small. Rubin and Lin16 originally proposed the so-called
4'sublayer approximation" technique in which the pressure
gradient term in the subsonic region is calculated at a
supersonic point outside the sublayer region. This ap-
proximation is based on the fact that for a thin subsonic
viscous layer, dp/dy is negligible. The sublayer approximation
technique is used in the code of Schiff and Steger.8 Note,
however, that the method originally employed by Rubin and
Lin is essentially different in that the boundary-layer
equations were solved in the sublayer. Schiff and Steger's
sublayer approximation technique is explained further after
the next paragraph.

A novel technique for handling the pressure gradient term
was proposed by Vigneron et al.4'15 In this approach, a
fraction of the pressure gradient term u(dp/d%) is retained in
the subsonic viscous region and the remainder (1 -o>)d/?/d£ is
separated out and evaluated outside the subsonic region as in
the sublayer approximation technique. An eigenvalue stability
analysis indicates that for stability

TM|
(19)

where M% is the local streamwise Mach number. For certain
cases, the retention of the term, (1 -a>)dp/d£, will lead to
departure solutions. In the present study, this difficulty was
encountered only at very high angles of attack and in these
cases, the term was simply dropped.

The sublayer approximation method of Schiff and Steger
utilizes the following step function in place of Eq. (19):

> = 7 if

= 0 if

where M* is a specified value near 1. Their method also
removes the streamwise pressure gradient term from the
energy equation in the sublayer region. To avoid departure
solutions, Schiff and Steger suggest using a global iteration
procedure.

In order to facilitate the application of the Vigneron
technique Eq. ( 17) is rewritten as

Numerical Solution of Equations
Grid Generation

At each £ station, the computational domain [i.e., the (r?,f)
solution surface] is bounded by the bow shock and the body
surface as seen in Fig. 1. For symmetrical flows, only one half
of the computational domain needs to be considered since the
other half is known from symmetry. The orientation of each
(77, f) solution surface is purposely left arbitrary so that the
optimum orientation can be selected for a given problem. In
general, the optimum orientation occurs when the (r^f)
solution surface is perpendicular to the local flow direction.
The location of the grid points in each (rj,f) solution surface
is also left arbitrary so that the optimum distribution can be
selected for a given problem. For the present study, the r; lines
are generated using straight rays which emanate from the NJ
grid points situated along the body surface. The direction of
each ray from a body grid point at (xb,yb,zb) is given by the
unit vector n which need not be a surface normal vector.
Along each ray, NK grid points are positioned. These grid
points are clustered near the wall in order to properly resolve
the boundary layer. The length of each ray represents the
shock standoff distance 6 which is determined at each step
from the shock boundary condition.

The generalized coordinates (£,r?,f) are defined in such a
way that at each £ station, the (17, f) solution surface in the
physical space is mapped into the shape of a unit square in the
computational plane. The grid in the computational plane has
uniform spacing in each direction given by

(23)

so that 7j=(fc- l )AT7 and f=(y-l)Af. The physical and
computational planes are related by the equations

y(J,k)=yb(j)+f>(J)s(k)[n(j).J\

z(j,k) =zb (j) +&U)s(k)[n.(J) -k]

where s( k) is the stretching function

(24)

which clusters more grid points near the wall (77 = 1) as the
stretching parameter 0 approaches one. The metrics x^, y^,
z,, Jtr, y^, z$ are computed numerically with central dif-

where

and

dE* dP dF dG—— + — + — + — = 0a? a? dy ar

E=E*+P

(20)

(21)

E*=E-P; F*=F-P2 G* = G-P5

Pj=[0,(l-^)p,0,0,0]T P2 = [0,0,d-u)P,0,0]T

P3 = [0,0,0, (l-u)p,0\T (22) Fig. 1 Generation of grid.
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ferences in the regularly spaced computational plane. The
metrics x%, y^3 z% are evaluated with the aid of the expressions

where
known from the body and grid geometry and
by the shock fitting procedure.

(n-k)^ are
is determined

Finite-Difference Algorithm
Until recently, the PNS equations have been solved using

iterative, implicit, finite-difference schemes. Vigneron et
al.4'15 were the first to employ a more efficient noniterative,
implicit, approximate-factorization, finite-difference scheme
to solve the PNS equations. This algorithm is a direct
descendent of the schemes developed by Lindemuth and
Killeen, 17 McDonald and Briley, 18 and Beam and Warming 19

to initially solve the unsteady Navier-Stokes equations. When
applied to Eq. (20), the delta form of this algorithm is

^+^A£i/^w^r7
BU i+o2 B£\B

i
IBU 1+02

— + — ^

1+02

where superscript / refers to the station £ = /A£ and

(28)

The terms (BE* /&£)•'& /
evaluated with the aid of the expressions

and (dG/d£) i / a re

*\ = (E~EV \ ar?* (F~FV

dt'o- \ J ' BS \ J

(BG\ = /E-Ev\B£x /F-Fv\B£y /G-GV\B£Z

\B£/o \ . J ' B£ \ J / d% \ J ) d£
(29)

where ( )Q indicates U is held constant. The Jacobians
dF/dU, dG/dU,and BE*/dU2ire given in Ref. 23. The partial
derivatives d/drj and 3/df are approximated by second-order
accurate central differences.

For first-order accuracy in £, the Euler implicit scheme
(0/ = l, 02=0) is used. In this case, the Jacobians are
evaluated at station / and the last term in brackets in Eq. (27)
is dropped. Also, the explicit streamwise pressure gradient
term A'P (which appears only in the sublayer region) is
evaluated at a point outside the sublayer region using a first-
order backward difference at station /. All of the results
presented here were obtained with the Euler implicit scheme.

If second-order accuracy in £ is desired, the three-point
backward implicit scheme (07 = 1, 02 = Vi) can be used. In this
case, the Jacobians are evaluated at /+!/2 and the explicit
streamwise pressure gradient term is evaluated at a point

outside the sublayer region using a second-order backward
difference at station /.

The algorithm given by Eq. (27) is implemented in the
following manner

Stepl

(26) |^_

Step 2

Step3

Step 4

BE*

fdJE"
7 + 0,

(30b)

(30c)

(30d)

In Eq. (30a), A{77 represents all the remaining terms on the
left-hand side of Eq. (27). Note that this procedure does not
require the explicit evaluation of the matrix inverse
(BE*/BU)~l. Equations (30a) and (30c) represent block
tridiagonal systems of equations that are solved using a
routine written by Steger.20 Also, artificial dissipation in the
form of an explicit fourth-order smoothing term and an
implicit second-order smoothing term has been added to the
algorithm as described in Ref. 4.

Boundary Conditions
The flow conditions at the shock boundary are computed

using the "shock fitting" technique developed by Thomas et
al.21 This procedure is described in Ref. 23. At the body
surface, the normal pressure gradient is assumed zero. The
velocity components are set equal to zero and the wall tem-
perature is either specified for the case of an isothermal wall
or is computed using a one-sided difference approximation
for a zero normal temperature gradient when the wall is
adiabatic. The density is then calculated using the equation of
state. The flow conditions along j= 1 andy=N7are obtained
by reflection about the planes of symmetry.

Initial Conditions
An initial data surface (£ = £o) *s required to start a PNS

calculation. The inviscid flow region of this initial data
surface must be supersonic and the streamwise component of
the velocity must be positive. For the blunt delta wing con-
sidered in the present study an axisymmetric, time-dependent,
Navier-Stokes code22 was used to compute the nose portion of
the flowfield. The resulting axisymmetric solution was then
recast in terms of the coordinates used in the PNS code to
provide the three-dimensional starting data. The present use
of an axisymmetric code to produce three-dimensional
starting data was possible because the initial portion of the
flow over a body with a spherical nosecap is axisymmetric
about the wind axis provided that the spherical cap extends
into the supersonic region of flow.6 All of the cases con-
sidered in this study satisfy this criterion. In general, a three-
dimensional Navier-Stokes code or a three-dimensional
viscous shock layer code must be used to provide the initial
data surface.

Results
The present generalized PNS code has been used to com-

pute the laminar flow over a 70-deg sweep slab delta wing
having a spherical nose and a cylindrical leading edge, see Fig.
2. The body shape and flow conditions were chosen to match
the experiments of Bertram and Everhart.12 These ex-
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Table 1 Flow conditions j=25

Ax,,N/m2

?"oo»K
ReD
7"waii,K
7
Pr

Mpo =6.8

889.2
60.2

2.6X105

317
1.4

0.72

MO, =9.6

130.3
47.5

0.8 x lO 5

317
1.4

0.72

Table 2 Numerical cases

Case

1
2
3
4
5
6
7
8

'•«.:
6.8
6.8
6.8
9.6
9.6
9.6
9.6
9.6

a, deg

0
0
10
0
0
5
20

41.5

Wall boundary
condition

Adiabatic
Isothermal
Adiabatic
Adiabatic
Isothermal
Isothermal
Adiabatic
Adiabatic

Grid
(NJxNK)

24x40
24x40
24x40
18x40
18x40
24x40
25x40
25x40

„
.04
.04
.04
.04
.04
.04
.04
.04

$-0° ( W I N D W A R D )

Fig. 2 Slab delta wing with 70-deg sweep.

periments were conducted in the Langley 11-in. Hypersonic
Tunnel at Mach numbers of 6.8 and 9.6 using air. The
corresponding flow conditions are given in Table 1. In Table
1, rwall is the wall temperature for the heat transfer tests and
ReD is the freestream Reynolds number based on the nose
diameter of 1.905 x 10 ~2 m. The angle of attack a was varied
from - 2.5 to +45 deg in the experimental tests.

A description of the numerical solutions is given in Table 2.
In all the calculations, the (77, f) solution surfaces were
constructed using rays that are normal to the body surface.
Hence each (rj,£) solution surface is a plane described by
L/t = const as seen in Fig. 2. The body grid points were
distributed on the wing surface by placing an equal number on
the top and bottom flat surfaces of the wing while the

M =9.6
a°°=41.5°
L/t=4.0

SHOCK(n-O)

j-1 2 3

Fig. 3 Typical grid.

M =9.6n
oT-O.O0

© EXPERIMENTAL
— NUMERICAL

Fig. 4 Side view of shock shape (case 4).

M -9.6
oT-O.O0

© EXPERIMENTAL
— NUMERICAL

Fig. 5 Planform view of shock shape (case 4).

remainder were spaced equally around the leading edge. A
typical grid is shown in Fig. 3. This grid is for the solution
surface located at L// = 4.0 in case 8 (see Table 2) and was
drawn by a computer plotter using straight line segments
between grid points.

The computed results are too numerous to show in their
entirety in this paper. Instead, a representative sampling of
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M =9.6 ft
a -20.0°

© EXPERIMENTAL
— NUMERICAL

M -6.8 n
ot°°-10.00

L/t-4.0
o EXPERIMENTAL
- NUMERICAL

Fig. 6 Side view of shock shape (case 7).

M =-9.6
a°°-20.0°

0 EXPERIMENTAL
— NUMERICAL

-2.4 -1.6 1.6 2.4

Fig. 9 Comparison of wall pressures (case 3).

Fig. 7 Planform view of shock shape (case 7).

M -9.6
ot°°-41.50

o EXPERIMENTAL
— NUMERICAL

M =9.6
a°°=20.0°
L/t=2.0

o EXPERIMENTAL
— NUMERICAL

10.C

1.0

0.1

P /Pr i r^

J_

Fig. 8 Side view of shock shape (case 8).

the results is presented. The computed shock shapes for
MO, = 9.6 at angles of attack of 0, 20, and 41.5 deg are shown
in Figs. 4-8 along with the corresponding experimental shock
shapes. Figures 4-7 show both the side and planform views of
the shock at a. = 0 and 20 deg. Figure 8 shows the side view of
the shock computed at a. = 41.5 deg and this is compared to
the experimental shock shape obtained at a = 40 deg. The
corresponding planform view is not given since the ex-
perimental shock shape was distorted by tunnel-wall flow
separation. In all cases, the computed shock shapes are in
excellent agreement with the experimental results. Both the
experiment and the present numerical study indicate that the
shock shape is relatively insensitive to Mach number.

The wall pressures for several different cases are given in
Figs. 9-11. These results were obtained with an adiabatic wall

-2.4 -1.6 -0.8 0.0 0.8 1.6 2.4
s/t

Fig. 10 Comparison of wall pressures (case 7).

condition in order to match the experimental conditions. The
wall pressures are plotted as functions of the non-
dimensionalized distance (s/t) which is measured along the
body surface from the leading edge in a L/t = const plane. The
nondimensional distance (s/t) is positive on the windward
side of the wing and is negative on the leeward side. Figure 9
shows the wall pressure at L// = 4.0 for case 3; Fig. 10 shows
the wall pressure at L/t = 2.0 for case 7; and Fig. 11 shows the
wall pressure at L/t = 4.Q for case 8. In all the cases presented
here, as well as for the cases not presented, the computed wall
pressures are in good agreement with the experimental values.

Heat transfer coefficients are shown in Figs. 12 and 13. The
heat transfer coefficients are normalized using the maximum
heat transfer coefficient (/zmax) in the given Lit plane. Figures
12 and 13 show the distributions at L/t = 2.0 and 3.0 for case
6. The computed heat transfer coefficients agree reasonably
well with the experimental coefficients.
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I

M =9.6
a°°=41.50
L/t=4.0

© EXPERIMENTAL
— NUMERICAL

I I
-3.0 -2.0 -1.0 0.0 1.0 2.0 3.0

s/t
Fig. 11 Comparison of wall pressures (case 8).

Fig. 14 Cross-flow velocity directions (case 7).

I I

o.i

L/t»2.0
© EXPERIMENTAL

—— NUMERICAL

JL I JL

M -9.6
cT-41.50

L/t-4.0

Fig. 15 Cross-flow velocity
directions (case 8).

-2.0 -1.2 1.2 2.0-0.4 0.4
s/t

Fig. 12 Comparison of heat transfer coefficients (case 6).

l .C

L/t»3.0
© EXPERIMENTAL
- NUMERICAL

-2.4 -1.6 1.6 2.4

Fig. 13 Comparison of heat transfer coefficients (case 6).

The Cartesian cross-flow velocity directions are shown in
Fig. 14 for case 7 at L/t = 5.025. The primary vortex above the
wing is clearly evident in this figure. Also, a small secondary
vortex (not visible in Fig. 14) is discernable upon closer
examination of the numerical results. Figure 15 shows the
Cartesian cross-flow velocity directions for case 8 at
L/t = 4.Q. The primary vortex in this case appears to be
located near the leeward side symmetry plane.

The results of this study were obtained on a CDC 7600
computer. The generalized PNS code required 1.06x 10 ~3 s
of computer time per step per grid point. A typical solution,
such as case 8 (25 x 40 mesh), was obtained with 511 steps and
9 min of computer time.
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Conclusions
A generalized PNS code has been developed to compute the

steady supersonic viscous flow around arbitrary body shapes
at high angles of attack. As a test, the code was used to
calculate the laminar flow over a slab delta wing at angles of
attack up to 41.5 deg and Mach numbers of 6.8 and 9.6. The
excellent agreement of the present computational results with
the experiments of Bertram and Ever hart provides the
necessary validation of the new code. Additional tests with
more complex body shapes are now in progress to demon-
strate the full generality of this code.
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